Introduction
Spatial sound field reproduction is a fundamental topic in acoustic signal processing. The aim of the sound field reproduction is to reproduce a desired sound field in a given region of space. Using an array of loudspeakers, the sound field reproduction system can give listeners the impression of being immersed in a realistic, yet virtual sound environment. According to psychoacoustic theory, the human ear is sensitive to the horizontal sound field at the same height. Hence, the reproduction technique of 2-Dimensional (2D), or height invariant, sound fields is more efficient in practical situations. In the existing commercial sound field reproduction systems, such as Dolby Surround [1] , all loudspeakers are positioned in the horizontal plane at a height approximately to the level of the listener's ears.
In earlier studies of 2D sound field reproduction, line sources that exhibit 2D transfer functions [2] [3] [4] were theoretically employed as secondary sources for reproduction. However, the spatial properties of the actual loudspeakers can be more accurately modelled by 3-Dimensional (3D) sound sources or loudspeakers rather than line sources. Using 3D sound sources (or loudspeakers) as secondary sources, the 2D sound field reproduction has been termed as 2.5-Dimensional (2.5D) sound field reproduction [5] .
Several techniques of 2.5D sound field reproduction have already been proposed, which are based on distinct representations of a sound field. One technique is the Spectral Division Method (SDM) [6, 7] , which establishes the 2.5D reproduction equation in a wave number domain with the employment of linear distribution of secondary sources. Another technique is the Wave Field Synthesis (WFS)-based method [3, 5] , in which two separate stationary phase approximations are employed by using the Kirchhoff-Helmholtz integral equation. The reproduction is accurate only for large distances of the virtual source or the listener's location to the secondary source positions [2, 5] . Meanwhile, the aperture between the loudspeakers is limited by the spatial sampling process [8] . However, one characteristic in 2.5D WFS and SDM reproduction is that large numbers of loudspeakers are required for reproduction over large areas. Therefore, Higher Order Ambisonics (HOA) has been related to the implementation of 2.5D sound field reproduction recently [9] , where HOA is based on the cylindrical/spherical harmonic representations of a sound field. In this method, 3D point sources are employed as secondary sources, which provide a continuous the loudspeaker concept solution in a reproduction model. Therefore, better reproduction accuracy can be achieved. Implementation of 2.5D HOA has practical significance in combination with the development of the spatial sound. However, for high frequencies over large areas in 2.5D HOA, a great number of loudspeakers is required, as minimum, in order to accurately reproduce a height invariant sound field. In addition, in a 2.5D HOA system, the radius of the reproduction region is smaller than that of the loudspeakers array region, which results in waste of space.
To address the above issues, since the High Order (HO) loudspeakers can both radiate sound with multiple radiation patterns [10] [11] [12] and achieve better improvements for sound field reproduction than monopole loudspeakers, i.e., point sources, we apply 3D HO loudspeakers to 2.5D sound field reproduction. In this paper, based on spherical harmonic expansions, a method is proposed to reproduce 2D or height invariant sound fields with a circular array of HO loudspeakers. Firstly, spherical harmonics representation of 2D sound field reproduced, by an array of HO loudspeakers is obtained, based on the spherical addition theorem.
Secondly, the corresponding relationship between the reproduced sound field and the desired sound field is established by spherical/cylindrical harmonic expansions. Finally, the modal weights of HO loudspeakers are designed by using the least squares method. Simulation results show that the method proposed outperforms the other referenced methods
The remainder of this paper is organized as follows. Section 2 presents a detailed description for the decomposition of the desired sound field using cylindrical harmonics. Section 3 introduces the proposed 2.5D sound field reproduction approach. Simulation results are presented in Section 4.
Cylindrical harmonics analysis of the desired sound field
This paper mainly concentrates on the reproduction of 2D or height invariant sound fields which are considered as desired sound fields. At physical level, the 2D sound field can be represented by acoustic pressure within a given region of space. In this section the cylindrical harmonic analysis [3] for the desired sound field will be discussed.
In cylindrical coordinates, propagation of acoustic pressure perturbations (2) has an infinite number of orthogonal modes, which is not possible to be achieved. Therefore, due to the properties of the Bessel function, we can truncate this series expansion to a finite number within the region of interest, i.e., a region within a circle of radius r l ( ∀ ≤ l r r ). Hence, (2) can be truncated to M terms as:
where the truncation order
, J m (kr)e imφ is the basis function of cylindrical harmonic expansion.
From (4) it can be observed that a desired 2D sound field can be determined by 2M + 1 cylindrical harmonic coefficients. Therefore, the key issue of the sound field reproduction is to use loudspeakers to describe the expansion coefficients α m (k).
Proposed method of 2.5D sound field reproduction
In practical applications, considering the cost of equipment and the complexity of design, we always employ a limited number of loudspeakers in the sound field reproduction systems. To avoid spatial aliasing [14] which is caused by the discretization processing of the continuous loudspeakers distribution, the minimum required number of the monopole loudspeakers Q should be satisfied with the condition Q ≥ 2M+1. Hence, a large number of loudspeakers is needed for the reproduction of high frequencies over significant areas. According to the properties of HO loudspeakers [11, 12, 15] , it can be observed that HO loudspeakers can radiate a sound with multiple radiation patterns. Using such HO loudspeakers, we can obtain further improvements in sound field reproduction than monopole loudspeakers. Meanwhile, the array of loudspeakers made up of HO loudspeakers occupies a smaller space.
Based on the above advantages, HO loudspeakers are introduced to 2.5D sound field reproduction in this section, where in subsection 3.1, a spherical harmonics representation of 2D sound field reproduced by an array of HO loudspeakers is obtained. Then, the modal weights of HO loudspeakers are designed in subsection 3.2.
Spherical harmonics representation of the reproduction sound field
In the spherical coordinates, given an observation point x=(r, θ, φ), a 3D HO loudspeaker positioned at x l = (r l , θ l , φ l ) of a circular region in the horizontal plane will radiate a sound field as given below:
where r, θ and φ denote the radius, elevation and azimuth, respectively; P l (x, k) is the acoustic pressure at the observation point x; N is the order of HO loudspeaker, A is defined as follows:
From (5) we can find that the 3D polar patterns of the spherical harmonics carry the directional information, and thus not all polar patterns of the weighted spherical harmonics are on the horizontal plane. Only when ˆ= − m n and ˆ= m n, the response to the 3D HO loudspeakers will have a contribution to the reproduction of the 2D sound field. Then we can rewrite (5) as
We employ L number of such HO loudspeakers in a circular discrete array, where the l-th (l = 1, 2, ... , L) loudspeaker is located at x l =(r l , φ l ). Therefore, the sound field can be represented as is the direction vector of x, j n (·) is the first kind spherical Bessel function of n-th degree.
By substituting (10) with (9), we have By changing the summation order of (11), the sound field can be represented as
Due to the high pass nature of spherical Bessel functions [14] , the infinite representation (13) can be replaced by a finite sum, and then substituting (6) with (13), we can obtain the sound field as follows:
where M is the truncation order which denotes the number of the highest nonzero.
2.5D sound field reproduction
The key issue in the 2.5D sound field reproduction is to design the modal weights of HO loudspeakers. Hence, this subsection will establish the corresponding relationship between the desired sound field and the sound field reproduced by (14) . Note that the summation over n in (14) reduces it to a single term with n = |m|. If the modal weights ( ), ( ) l n m w k satisfy the condition that (14) equals to the expansion of (4), an array of L HO loudspeakers located in a circular region of radius r l , can exactly reproduce the desired sound field at all observation points < l r r . Therefore, by minimizing the least squares errors between the desired sound field and the reproduced field sound field, i.e., |P r (x, k)-P d (x, k)| 2 , we have: w k can be achieved. To guarantee the minimum reproduction error and obtain the optimal modal weights, let r tends to zero [17] , and then we have where sgn(·) represents the sign function. By substituting (16) and (17) with (15), we can obtain 11 (18) ( ) HA=α,
where A=[G (1) , G
,…,
vector representing the modal weights of HO loudspeakers with
. According to H and α, the required modal weights of HO loudspeakers can be obtained by
where # represents the Hermitian Transpose, and I is a [(2M+1)×(2M+1)] identity matrix. Note that γ is the regularization control parameter and γ = 0 indicates the minimum energy solution of (21).
To avoid spatial aliasing, the required number of HO loudspeakers L of the proposed method needs to satisfy(2 1) (2 1)
And in reference to [9] , the number of monopole loudspeakers Q for sound field reproduction meets Q ≥ (2M+1). Hence, for a given frequency f and a radius of the reproduced region r l , the minimum required number of HO loudspeakers will be decreased by a factor 1 / (2 1) + N compared to the monopole loudspeakers, i.e., / (2 1) = + L Q N .
Simulation results
In order to evaluate the performance of the proposed scheme, three simulation experiments are considered in this section. Firstly, we test the performance of the proposed method in various orders of the HO loudspeakers. Secondly, the comparison experiment results are given over a referenced method. Finally, we evaluate the reproduction errors of the sound field for various frequencies. In these experiments, L HO loudspeakers are used, which are equally distributed in a circular array of radius r l = 3 m. The HOA method [9] , based on point sources for 2.5D reproduction is employed as the referenced approach.
A) The first experiment: For convenience of the illustration purposes, a monochromatic plane wave and a cylindrical wave are chosen as desired sound sources. It should be noted that the proposed method is not limited to reproducing Fig.1 . These figures are calculated at 300×300 points and displayed as a "density plot", meaning that the acoustic pressures are represented by various shades of gray. The pressures greater than 1 are black, the pressures less than −1 are white, and the pressures between −1 and 1 are appropriately shaded. The HO loudspeakers are shown as "x" marks. From Fig. 1 it can be observed that the desired interior sound field is exactly reproduced within the array of HO loudspeakers. In addition, the reproduction errors in the exterior sound field distinctly decrease when increasing the order of loudspeakers. Furthermore, the radius of the reproduction sound field is close to r l = 3 m. (22), it agrees well with the expected value of 0.04 in [3] . So the second order case was chosen for the evaluation comparison. In this experiment, 31 HO loudspeakers are required in the proposed scheme and 53 point sources (monopole loudspeakers) are used in the referenced method for 2.5D reproduction. The reproduced sound fields are shown in Fig. 2. From Fig. 2a and Fig. 2b it can be seen that the reproduced 2.5D sound field based on HO loudspeakers matches well with the desired field within the circle region. By comparing Fig. 2b and Fig. 2c , it can be observed that the area of the reproduction region of the proposed method is much larger than that of the referenced method (i.e., the interior circle in Fig. 2c ) with the same radius of the loudspeaker array. Meanwhile, the number of the loudspeakers used in the proposed method is slightly fewer than in the referenced method. where r r is the radius of the reproduction region, k=2πf/c; P d (x, k) and P r (x, k) represent the desired sound field and the reproduced sound field, respectively. According to (22), a more general representation of the reproduction performance is given in Fig. 3 where the normalized reproduction errors are shown as a function of frequency f. In Fig. 3 the reproduction errors of the proposed method and the referenced method for a plane wave are represented. In these two methods, the radius of the reproduction region r r = 3 m, and according to , we can determine M = 76. In the proposed method, the order of HO loudspeakers is 2, i.e., ˆ2 = N . Thus, 31 HO loudspeakers are required in the proposed scheme. However, 153 point sources are used in the referenced method for 2.5D reproduction. In Fig. 3 it can be seen that the reproduction errors of the proposed method are close to those of the referenced method. However, the required number of loudspeakers in the referenced approach is approximately 2 1 N + times than that of the proposed method. This means that the proposed method results in a significant reduction in the number of loudspeakers. Furthermore, we note that the system designed at a particular frequency (i.e., 1 kHz in the experiment), can provide accurate sound field reproduction performance for numbers fewer than the designed frequency. At large f beyond the designed frequency, the reproduction errors become significant and monotonically increase with f, which validates the general principle [3] for choosing the required truncation order of (4). 
Conclusion
In this paper, based on spherical harmonic expansions, we propose a method to reproduce 2D or height invariant sound fields with a circular array of HO loudspeakers. Based on the spherical addition theorem, a spherical harmonics representation of a 2D sound field reproduced by an array of HO loudspeakers is obtained. The modal weights of HO loudspeakers are designed by using the least squares method. Simulation results show that the proposed method extends the reproduction region and significantly reduces the minimum number of loudspeakers. Therefore, compared to the traditional methods, the implementation of the proposed method in commercial applications is more feasible and efficient.
